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EKOONHYEIX @
OEMA 1o

A. 'Eoto pia cuvapmon f opiopévn og éva didotnua 4. Av 9

I.

A.

7

iEete o f eivan

v kéBe ecwtepikod onueio x Tov 4 woyver f 1 (x) = 0, va'o
otabepn og 6A0 10 Sthotnua 4. &

Movaodeg 10

[Tote pia cvvaptmon f Aéyeton mapaywyion o Eva cn 0 TOVL EGIOL OPIGUOV TNG;
Movaoseg S

Na yapoxtnpicere TI¢ TPOTAGES TOV AKOAOVOOY povTag 610 TETPAOId cag SimAa
GTO YPAUUO 7OV AVTIGTOKEL o€ KOBe mPoOTQL efn Lwoto, av N mpodTaon eivon
oo, 1 AdBog, av 1 tpdTacn givar AavOaoué

a. Av zj, z; givon pryadwkot apiBpoi, toétetayvet: lli
|2 |ZZ|
B. Mio cvvaptnon f pe medio %

@

Movaosg 2

A Tl Tapovctdlet (OAKO) eAdIGTO OTO
Xo € A, 6tav f(x) > f(xo) e xeA.
Movaosg 2
. ovvx—1
Yo lim——=1
x—0 X
Movaosg 2
0. KdOe ocuvdapt OUVEYNG, 6E- ueio Tov mediov optopol ¢ elvor Kot mopa-

yoyiown ot €10"0T0.
Movaosg 2

m f eivon cvvegyng oe éva dtlonua [a, f] Kot woyxdel f(x) < 0y
, T0te 10 guPfaddv tov ywpiov L mov opiletal amd T YPAPIKN
NG £, T evbeleg x=a, x=4 wartov déova x'x eiva:

E(Q) = L” F(x)dx

@ Movaosg 2

%D TOVG U1Yad1KOVG ap1Bpovs:
oS z=Qi+1)+@2L-1)i, LeRrR

a. Na Bpeite mv e&lowon ¢ evbeioag mhvo otV omoia Ppickovtal ot EIKOVEG TV
ULYaOIKAV oplOUdV z, Yio TIG SIUPOPEC TIEC TOV A € R .
Movaoses 9
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B. Am6 tovg mopamive pryadikovg apBpovg va omodeibete OTL 0 UIyadIKOg aplOuog
zo=1—1i &yel1to PKpOTEPO dVVATO HETPO.

i Movaoss 8
B. Noa Bpebovv ot pryadikoi apiBuoi w ot omoiot ikavomolovy v e&icwm @

W[ +w-12=2,
OOV zp O UIYadIKOG ap1OUOC TOV AVAPEPETAL OTO nponyobusxg) &
@ Movédeg 8
OEMA 30 @

Atveton n cuvaptnon:
fx)=a —In(x + 1), -1,
omov a>0 kot o # 1.

A. Avioydel f(x)>1 yuakdBe x> -1 va omo&m@m a=e.

Movaoss 8
B. ['a a=e,
a. vo omodeifete 6TL M cuVApTNON
Movaoseg S
B. vo amodeifete 6TL M cLVAPT { tvovca oto dtotua (-1, 0] ot
YVNGing avéovca 6To 016G
Movaosgs 6

Exet TOD)\,(SL)@% , %
; % Movaosg 6

®EMA 4o %

‘Eoto f eYNG ovvdptnon oto dtbotna [0, 2] yio v omoia oyvet:
Op

5

Lz(t—Z)f(t)dt:O

WE TIC GLVOPTNGELC:

H(x) = jo 1 £()d1, x €[0,2],

w—ﬁf(t)dwrf%, xe(0,2]

G(x) = 3
1-1-¢

6lim— >, x=0

t—0
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. No amodeiéete 011 M cuvapmon G elvatl cuveyng oto daotua [0, 2].

Movaoseg S
. No anodeilete 6T 1 cuvdpmon G eivan mapaywyicn oto ddotua (0, 2) Kot 6Tt 1oyvEL:
H(x) 8 %5% )

G'(x)=———=, 0<x<2
X
@ Movaosgs 6
. No amodeiéete 011 VIEAPYEL Evag apBudc o € (0, 2) Tétolog 0’3({58 %H(a) =0.
@ Movaoseg 7

. No anodeifete 6t vHdpyet Evog apBuodg ¢ € (0, a) Ttétotog @va 1oy LEL:
4 a
ajo 1 f(H)dt = gzjo F()dt

&
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&
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AITANTHXEIX

OEMA 1o
A. Oewpia - Osdpnpa oerida 251 oyoi. BifAiov.

B. Ocwpia - Opiopog cerida 213 oyoh. PiAriov. @

=

a. 2®OoTo &
B. 2®0oto @

Y. AdBog

0. AdBog

&. AdBog

OEMA 20

A

OM L ().

Apov OM L (&) = Ay, - A

&

=1 Ay 1=-1= 4y, =1

Apan e&iowon g OM eivor. y = —x.
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Ot ovvtetaypévec tov M (onpeiov toung tov OM, €) mpoxvmTouy amd 1 ADGT TOL

GULGTILOTOG TOV EEICADCEDYV Y = —X, Y =X — 2.

; Jy=—x y=-x y=-1_ . _ .
Emopévoc M'{y:x—Z}C}{—x:x—Z}@{le } Apo M(1, —1) xon zo%.
B. Eocto w=x+yi, pe x,y € R. H eficoon |w|2 +W—12:z0 yp@c:ii

x2+y2+x—yi—12=1—i<:>x2+y2+x—12—yi=l—i<:>xzﬂz -12=1

kot y=1oxX+x—12=0 kat y=1< (x=—4 1§ x=3)
Apo w=-4+in w=3+1i

O®EMA 3o @

A. Ioyber 6t f(x) > 1 v kéBe x> —1. Aniadn a@x +1)>1 yuxdbe x> -1.

Ouoc £(0)=1, ondte £(x) > £(0) yia k6O x> —1. Y
Enopévogn f mopovcialel ot Béon x = 0 @ ontkd) erdyioto to f(0) = 1.
Axoun n f eivon mopaywyiciun oto 6% 0

PTNCEDV.

d1popd TOPAY®YICIU®Y GLVa-

Apa cOpgova pe to Bempnua Fe a1 f
Opwmg f'(x)axlnaL& '(O)@ln =loa=e.
X+

B.
a. [0 a=e eivar fxX)= n(x +/1):
1

H f eivou dvo Qg@)a Qyioy wotnua (=1, +o0) pe f'(x)=e" T Ko

X+
, x | |
=e + ~ >0y kabe x € (—1, +o0).
1 (x+1)
p.

'F{c@v -1 <x<0=f"(x)<f'(0)=0,evdav x>0=f"(x)>f'(0)=0.
Anodn n f  etvon yvnoing @bivovca oto didotnua (=1, 0] xou yvmoing avéovoa oto

dtbomnpa [0, +0).

(B-DE-D+(fN-Dx-1) _,
(x-1)(x—2) '

v. H doopévn e&lomon 1codvvapa ypdoetat:
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@cwpovye ™ covapmon g(x) = ()~ 1) (x-2)+ (f() - D - 1), pe x € [1,2]
H g eivai ovveyng oto R og mohvovoum dpa kot oto [1, 2] .
o g)=-(fB)-1)=1-f(B)=/(0)—f(B) <0, 51611 1(0) ohtxcd ex% @@g [ xa

me/f ko y#0.

p#0,

o g2)=f@)-1=f()—-f(0)>0, eniong do1 f(0) OAKd %d
*(ITo avarvtika gtvatl f(0) —f(f) < 0 ot

Av f € (-1,0) ereon n f eivor yynoimng ebivovca 6to dtdotif

~1<B<0=>f(B)>f(0)=>1(0)—Ff(B) <0

Av f € (0, +o), emedn n f etvou yvnoing avéovoa 6To d1deTnia ovTd IGYVEL:

0<pef(0)>f(B). @

Opoimg mpoxvmrel f(y) —f(0) > 0).

Apa g(1)-g(2) <0, ondte MOYy® TOL Gsw@Bolzan ! !E €l xo € (1, 2) dote
g) =0 (F(H-Dx-2)+( 1>!

o VB =10 =2) +(fO) - )0 A1) _

(x, =D(x, —2)
Apa n doouévn e€lomon Exet @(wrw (Catoto (1, 2).

*Tapoampnon: OETovias xaptv 6vvto )-1=xk>0 xau f(y) —-1=4>06a

umopovcav vo dofovy POKGT® ;

a) H cvvdprncz&): K 1 + pe medio opopov 10 (1, 2) €xel Opro +oc kol —oc
x—-1 x-

avtictoyya otav 1" xor x > 27 evd omodetcvietol ol evkola ATt efvar Ko Yvnoing
@Bivovoy 1,2), 01011 h(x)=- K4 A <0 v kdBe x € (1, 2), dpa &yxel

oLVE p nov 1o JimA(x), ]im A(x) = (-0, + ) Kot dpa to uNdEv mePIEYETAL GTO GHVOLO

X2 xo1t
ng@ M¢ MmAaodn n A~ &xel tovAdytotov o pila oto (1, 2).
61¢ EVOAMAKTIKG 0O TO OTL M) A &xel Opla +oc  Kat —oc  ovtiotorya otav x—>1" kot
x—2, mpokizTel 6TL VIEAPYoLVY apBpol p, 0 wote 1 <y <o <2 pe f(y)>0 xor f(0) <0

omote MOYm Tov Bewprpartog Bolzano oto dtdemua (y, d) vapyet piCa ¢ e&iowong A(x)=0.
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B) AhyeBpucn Aoon:
k(x—=2)+Ax-1)

B¢tovrag K +L =0, x € (1,2) mpokvmrel )=0
x—-1 x-2 (x—D(x-2) (E
2k + 4

SKkx-2)ti(x-1)=0=(k+A)x=2k+t/i x =

K+A4
H i avtr eivon amodext g pila g e€icmong apol <> %
Kk+A 2k+A 2k+24 @
= < <

1 =2 (ko eivatl paMoT kN pifa).
K+A x+A4 K+A ( H & 1 pice)

oria s ©

a) H f/ ouveyng oto [0, 2] dpa ko #f (¢) eivar cvvs@ [0, 2].

], apa etvar ko cuvexng.

Enopévaog n ouvapmon H (x) sivon Topaymyioyn ;

H cvvapmon J'Ox f(®) dt etvar mopayoyioyn oto [0, 2] awob@wvsmg oto [0, 2].

Apan G eivor cuveyng oto (0, 2] oc d1apo @ YOV THOEMV.

~lim -0 -0,

4

i H

x0T

(etvar  I1m.Jf (x@ (70)
x—0"

1 Lf(t dr=0 810t n ovvaptnon £ f (1) eivon cvveyne, apa () dt

lxgryif()@) n cwvépmon 1/ (1) xis Gpom [ £ (1)

nocpowma KOl GUVEYXNG.

S TN R VI vy (V)
g 0oy oy

x—0

elvar  ovveme oto [0, 2], ko

61 1-1+17° 61 1’ 6 1 3
=0lim =0lim =6-—=3.
S0 P\l 4y1-17) 0 tzilJm/l—tzi 2

Onodte lim G(x)=G(0)=3.

x—0"
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Apan ovvapmon G elvar cuveyng kat oto Xxo = 0.

Enopévogn G eivan suveyng oto [0, 2].

B. Zto dtbompa (0, 2) etvor: @

e novvdpmon H mopayoyioyn agod n f elvar cuveyne, ue H'(x)
e 1 ouvdpTnon x mapoy®YicUn ©¢ ToAV@VLUIKN pe (X) = 1. <>

' : H(x) , , , ,
Apa kot n ovvapmnon —— eivor mopayeyicn g aniiko 2«(& 6ipmOY cUVaPTHCEDY
X
ue:
(H(X)j CH() x-H®E) x.f(x).x—J'o 1 £()dt e )_J' ‘- f(t)dt
x o e = 2 = = 0

Eniong oto 1010 d1dotnpa, agod 1 f elval cuveyng guvéptnon Ba elvar Topaymyicyun Kot m

sovipenon [ /(1) d1 pe [ ["fa tj _ F().
Apan ovvapmnon G eivan napowwyicumopd SULOV GUVOPTNCEDV LIE:

j 1 f(f)dt

G'(x)= f(X)x—f(X)

y. H cuvapmon G eivar cuveyncote O, 2] yiown oto (0, 2), ue G(0) =3 (anod

0<x<

10 B epdTUQ).

Bpickovpe v myun g7 ot @@ H2) _ J'f(t)dt+3 (1).

2

Onmg

j(r—z)f(z)dt 6] f(t)dt 2jf dt—O:>J2.tf(t)dt:2jf(t)dt:>H(2):Zj.f(t)dt.

‘EtotMoym T etvan

@; jf(t)dt+3 3-G(0).

)V eMOPEVOG Yoo T ovvdptnon G ot mpoivmobécelg tov Bewpnpatog Rolle oto
o ua [0, 2], dpa vapyet Eva tovidyiotov o € (0, 2) tétoto wote G '(a) = 0.

H(a)

Ouwg and B epomua G'(a) =

Apa elvan H(a) = 0.
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0. H cuvapmon G eivar ovveyng oto [0, a] ko mapayoyicyn oto (0, o). Apa oyvovv ot
poLToBESELS TOV BEMPNUATOC LEGC TYUNC.

Enopévaog vrdpyet £va tovAdyotov ¢ € (0, a): @

H(x)
G(a)-G(0) HE) o f SO d1+3-3 ya

GO=" e - Q@
jtf(t)dt jf(t)dt @
@aj tf(t)dt_gj F(Hdz .
04

¢
*B’ Tpomog:

Apxel va oerydet 0t vrdpyet piCa oto (0, &), pe o € 2) Y10 wwcn

aJ.;f(t)dtxz-ff(f)dtQaH(x)xz<:> @ f(t)dt<:>

(1).

+—@dt (apyn Mg G () += [ £()d1), ya
o 0

o) etval cvuveyng ot m a0fpoispa e'ouveyovs G (amd 10 o EPAOTNUA) KL TNG

&G (x)+ ff(t)dt:O o (G »
a 0

N

Oempovpe ™ vaaprncn =G

TNV OToi0, EXOVLLE :

TOAVOVOKNG
B) swou wn oto (0, &) o¢ aBpotopa ¢ mapayoyioyne G (amd to B epdTNU)
KoL THC T ;mmg, j f(t)dtjx we P'(x)=G’ (x)+— j F()dt .

P (o) =3 d1011
]@ G(0)+0=3«m

H (a) 0

P(a) = G(a)+jf(t)dt H(“) jf(t)dt+3+jf(t)dt_ 3=—+3=3.
04
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‘Etot 1oybouv o1 tpoimobécelg Tov Bempnpatog Rolle kat apa vrapyet ¢ € (0, o) dote

[0

P& =0P¢=0c G’(g"’)Jrl If(t)dt =0, dNhodn amodeiybnke 6t t\éécwcn (1)
o 0
19

exerpila ¢ € (0, o).
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